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REMARKS ON HAMILTONIAN STRUCTURES IN
G2-GEOMETRY
HYUNJOO CHO, SEMA SALUR, AND A. J. TODD
Abstract. In this article, we treat G2-geometry as a special case of multi-
symplectic geometry and make a number of remarks regarding Hamiltonian
multivector fields and Hamiltonian differential forms on manifolds with an in-
tegrable G2-structure; in particular, we discuss existence and make a number
of identifications of the spaces of Hamiltonian structures associated to the two
multisymplectic structures associated to an integrable G2-structure. Along
the way, we prove some results in multisymplectic geometry that are general-
izations of results from symplectic geometry.
1. Introduction
Let M be a 7-dimensional manifold admitting a smooth differential 3-form ϕ
such that, for all p ∈ M , the pair (TpM,ϕ) is isomorphic as an oriented vector
space to the pair (R7, ϕ0) where
ϕ0 = dx
123 + dx145 + dx167 + dx246 − dx257 − dx347 − dx356 (1)
with dxijk = dxi∧dxj∧dxk. In [9], it is shown that the Lie group G2 can be defined
as the set of all elements of GL(7,R) that preserve ϕ0, so for a manifold admitting
such a 3-form, there is a reduction in the structure group of the tangent bundle
to the exceptional Lie group G2; hence, the pair (M,ϕ) is called a manifold with
G2-structure. Using the theory of G-structures and the inclusion of G2 in SO(7),
all manifolds with G2-structure are necessarily orientable and spin, any orientable
7-manifold with spin structure admits a G2-structure, and associated to a given
G2-structure ϕ are a metric gϕ called the G2-metric, satisfying
(Xyϕ) ∧ (Y yϕ) ∧ ϕ = 6gϕ(X,Y )Volϕ (2)
for any vector fields X and Y on M , a 4-form
⋆ ϕ0 = dx
4567 + dx2367 + dx2345 + dx1357 − dx1346 − dx1256 − dx1247 (3)
where ⋆ is the Hodge star operator associated to gϕ and finally a 2-fold vector cross
product ×. A natural geometric requirement is that the 3-form ϕ be covariant
constant with respect to the Levi-Civita connection of the G2-metric gϕ; if this is
so, we say that the G2-structure is integrable and call the pair (M,ϕ) aG2-manifold.
It is a nontrivial fact that the integrability of the G2-structure is equivalent to the
holonomy of gϕ being a subgroup of G2 as well as ϕ being simultaneously closed
and coclosed, that is, dϕ = 0 and d∗ϕ = 0 respectively, where d∗ is the adjoint to
the exterior derivative d defined in terms of the Hodge star ⋆ of gϕ; the condition
that ϕ be coclosed then implies that the 4-form ⋆ϕ is closed. See [30], [31], [32],
[33], [43] for more information on these constructions and conditions.
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Let M be an n-dimensional smooth manifold, and let ω be a closed (k+1)-form
on M satisfying the nondegeneracy condition
Xyω = 0 iff X = 0 (4)
for X a vector field on M . The pair (M,ω) is called a multisymplectic n-manifold
of degree k + 1; such manifolds can be viewed geometrically as a natural gen-
eralization of symplectic manifolds which, in this language, are even-dimensional
multisymplectic manifolds of degree 2. Note that there are the k associated linear
maps
ω̂j : Ω
j(TM) → Ωk+1−j(T ∗M)
Q 7→ Qyω
(5)
for all j = 1, . . . , k and that the nondegeneracy of ω forces ω̂1 to be injective and ω̂k
to be surjective. Also, for multisymplectic forms of degree ≥ 3, there is a stronger
notion of nondegeneracy than that used here, cf. [36], [37], [38]. Exact multisym-
plectic manifolds, that is, multisymplectic manifolds where the multisymplectic
(k + 1)-form is exact, arise naturally in physics as multiphase spaces which are
bundles of higher-degree differential forms equipped with an exact multisymplectic
form that are generalizations of the standard phase space given by the cotangent
bundle equipped with the canonical symplectic form, e. g. [15], [16], [24], [25], [26].
It is important for the purpose of this article to note that Equations 2, 103 imply
the nondegeneracy of ϕ and ⋆ϕ in the sense of Equation 4 which means that a G2-
manifold is simultaneously a multisymplectic manifold of degree 3 and of degree 4
with the multisymplectic 3-form ϕ and multisymplectic 4-form ⋆ϕ respectively.
A vector field X and a real-valued function H on a symplectic manifold (M,ω)
satisfying
Xyω = dH (6)
are referred to as a Hamiltonian vector field and a Hamiltonian function respec-
tively. Similarly, a (k − l)-multivector field Q and a differential l-form α on a
multisymplectic manifold (M,ω) of degree k + 1 satisfying
Qyω = dα (7)
are referred to as a Hamiltonian (k− l)-multivector field and a Hamiltonian l-form
respectively. The spaces of Hamiltonian vector fields and Hamiltonian functions,
along with associated algebraic structures on these spaces, are important and funda-
mental concepts in symplectic geometry from both the mathematical and the phys-
ical perspective and arise from the Hamiltonian formulation of classical mechanics
where a Hamiltonian function represents the total energy of a given mechanical
system, e. g. [4], [14], [40]; similarly, the spaces of Hamiltonian multivector fields
and Hamiltonian differential forms, along with associated algebraic structures on
these spaces, arise from the covariant Hamiltonian formulation of classical mechan-
ics, and indeed much of the interest in the subject of multisymplectic geometry has
come from various areas of physics, e. g. [5], [6], [7], [16], [15], [17], [24], [25], [28],
[42]. The work providing the foundations for study of these spaces of Hamiltonian
multivector fields and Hamiltonian differential forms on general multisymplectic
manifolds has been completed by a number of authors, cf. [15], [25], [42].
The purpose of this paper then is to treat G2-geometry as a special case of mul-
tisymplectic geometry, consider Hamiltonian multivector fields and Hamiltonian
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differential forms on manifolds with an integrable G2-structure, called Rocheste-
rian/coRochesterian multivector fields and Rochesterian/coRochesterian differen-
tial forms to distinguish them from the general multisymplectic setting, and prove
some results in multisymplectic geometry that are generalizations of results from
symplectic geometry.
This paper comes from a research plan to view G2-geometry using the perspec-
tives of symplectic and contact geometry, cf. [2], [3] for more on contact structures
on manifolds with a G2-structure. Treating symplectic geometry and G2-geometry
as analogues however is certainly not new. For example, let V be a real, finite-
dimensional vector space with inner product 〈·, ·〉 and define a k-fold vector cross
product to be an alternating, multilinear map
P : V × · · · × V︸ ︷︷ ︸
k times
→ V (8)
satisfying
〈P (v1, . . . , vk), vi〉 = 0 for all i = 1, . . . , k (9)
〈P (v1, . . . , vk), P (v1, . . . , vk)〉 = Vol(v1, . . . , vk) (10)
where Vol is the volume form on V with respect to 〈·, ·〉. Using this inner product,
there is then also the associated (k + 1)-exterior form ω on V
ω(v1, . . . , vk+1) = 〈P (v1, . . . , vk), vk+1〉 (11)
Such objects can be attached to smooth Riemannian manifolds in the standard way
by attaching them to the tangent spaces at each point and requiring that they vary
smoothly across the manifold; note that a k-fold cross product on a Riemannian
manifold yields a differential (k+1)-form defined point-wise by Equation 11. k-fold
vector cross products on linear spaces are studied by Brown and Gray [8] and on
manifolds by Gray [27]. They show that a k-fold vector cross product on an n-
dimensional space only exists for certain pairs (k, n): (n− 1, n), (1, 2m), (2, 7) and
(3, 8). The geometry of an (n − 1)-fold vector cross product on an n-dimensional
smooth manifold is simply the Riemannian geometry of the original manifold since
the associated differential form has degree n and must therefore be a multiple of the
volume form associated to the Riemannian metric; note that the standard two-fold
vector cross product on R3 falls into this category. 1-fold vector cross products are
better known as almost complex structures, and the associated differential 2-form,
when closed with respect to the exterior derivative, is then a symplectic form.
The other two cases arise naturally from the octonions O, an 8-dimensional,
real, non-associative, non-commutative, normed algebra with unit vector 1 where
the 1-dimensional subspace spanned by the vector 1 is denoted ReO and the 7-
dimensional orthogonal complement is denoted ImO. Using the algebra multipli-
cation on O, one can define a two-fold vector cross product on ImO [29, Definition
B.1] and a three-fold vector cross product on O [29, Definition B.1]. Results of
Gray [27] show in particular that the existence of a two-fold vector cross product
on a 7-dimensional manifold is equivalent to a reduction in the structure group
of the tangent bundle to the exceptional Lie group G2. Work of Fernández and
Gray [22] classifies G2-structures into 16 classes such as closed G2-structures, co-
closed G2-structures and integrable G2-structures and, as they mention, should be
compared to the various classes of Kähler structures; examples of manifolds with
G2-structures satisfying various of these conditions have been extensively studied,
e. g., [9], [10], [11], [12], [13], [19], [20], [21], [23], [30], [31], [43]. Finally, links
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between Calabi-Yau geometry and G2-geometry in the context of mirror symmetry
have been actively explored, e. g. [1], [5], [28], [34], [35].
The body of this article consists of two main sections. Section 2 is background
material for the paper and is itself divided into two subsections. Section 2.1 gives
introductory material on multivector fields and associated operations including the
Schouten-Nijenhuis bracket and a generalization of [32, Lemma A.0.8] to general
q-multivector fields
Lemma (Lemma 2.1). For Q ∈ Ωq(TM) and α ∈ Ωl(T ∗M)
(1) ⋆(Qyα) = (−1)q(l−q)Q♭ ∧ ⋆α
(2) ⋆(Qy ⋆ α) = (−1)q(n−l−q)+l(n−l)Q♭ ∧ α
(3) Qyα = (−1)(l−q)(n−l) ⋆ (Q♭ ∧ ⋆α)
(4) Qy ⋆ α = (−1)lq ⋆ (Q♭ ∧ α)
Section 2.2 is a discussion of Hamiltonian multivector fields and Hamiltonian differ-
ential forms on multisymplectic manifolds largely paralleling the exposition of [15]
together with the multisymplectic version of a well-known result from symplectic
geometry
Proposition (Proposition 2.2). Let (M,ω) be a multisymplectic manifold of order
(k + 1), and let αi ∈ Ω
k−qi
H (T
∗M) with associated Hamiltonian multivector fields
Qi ∈ Ω
qi
H(TM), i = 1, 2 such that q1 + q2 = k + 1. Then {α1, α2} = 0 if and only
if LQ2α1 = 0 (if and only if LQ1α2 = 0).
Finally, Section 3 is the main section of our paper wherein we consider Roches-
terian multivector fields and Rochesterian differential forms. We first prove the
helpful lemma
Lemma (Lemma 3.3). ⋆̂ϕ2 : Ω
2(TM)→ Ω2(T ∗M) is an isomorphism.
Our main results then consist of the following theorem, corollary and proposition.
Theorem 1.1. Let (M,ϕ) be a G2-manifold.
Ω1R(TM) = Ω˜
1
R(TM) →֒ Ω˜
2
cR(TM) = Ω
2
cR(TM)
l∼= l∼=
Ω˜1R(T
∗M) ⊂ Ω˜1cR(T
∗M) = Ω1(T ∗M)/Z1(M)
(12)
Ω˜2R(TM)
∼= Ω˜0R(T
∗M)
l∼= q = C
∞(M)/{f locally constant}
Ω˜3cR(TM)
∼= Ω˜0cR(T
∗M)
(13)
Ω˜1cR(TM) = Ω
1
cR(TM)
∼= Ω˜2cR(T
∗M) (14)
Corollary 1.2. There are no nonzero Rochesterian vector fields, and hence no
nonzero Rochesterian 1-forms, on a closed manifold M with closed G2-structure ϕ.
Proposition 1.3. Let (M,ϕ) be a closed G2-manifold. Then the only 2-multivector
fields Q that are Rochesterian and coRochesterian are those whose contraction with
ϕ is zero.
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2. Background Material
2.1. Multivector Fields & Operations. References for the following material
include [38], [39]; other references are given throughout. Let V be an n-dimensional
vector space over R with dual space V ∗. Using the exterior product ∧, there are
the vector spaces of lth-exterior powers Λl(V ) and Λl(V ∗) of V and V ∗ respectively
for l ≥ 0 whose elements are called l-multivectors and exterior l-forms respectively.
Explicitly, we can write
Λl(V ) = span {v1 ∧ · · · ∧ vl : vi ∈ V } (15)
Λl(V ∗) = span
{
v1 ∧ · · · ∧ vl : vi ∈ V ∗
}
(16)
where ∧ satisfies v ∧w = −w∧ v; this property implies that Λl(V ) = Λl(V ∗) = {0}
for all l > n. The collections of these spaces then forms the associative graded
algebras
Λ(V ) =
⊕
l≥0
Λl(V ) (17)
and
Λ(V ∗) =
⊕
l≥0
Λl(V ∗). (18)
Let M be an n-dimensional manifold, so for each p ∈ M , we have the vec-
tor spaces given by the tangent space TpM and the cotangent space T
∗
pM which
by the above construction yield the lth-exterior powers Λl(TpM) and Λ
l(T ∗pM)
respectively. The collection of these spaces gives the associated vector bundles
Λl(TM) and Λl(T ∗M). Smooth sections of these bundles, denoted by Ωl(TM) and
Ωl(T ∗M), are called l-multivector fields and differential l-forms respectively where
Ω0(TM) = Ω0(T ∗M) = C∞(M) are smooth real-valued functions on M , Ω1(TM)
is the space of vector fields on M , Ωl(TM) ∼= Ωl(T ∗M) ∼= {0} for all l > n; an
l-multivector field that can be written as X1 ∧ · · · ∧Xl for X1, . . . , Xl ∈ Ω1(TM) is
called decomposable. As above, we can take the collection of multivector fields and
differential forms for all l ≥ 0 to get the associative graded algebras
Ω(TM) =
⊕
l≥0
Ωl(TM) (19)
and
Ω(T ∗M) =
⊕
l≥0
Ωl(T ∗M) (20)
of multivector fields and differential forms respectively.
For a differential l˜-form φ and a decomposable l-multivector X1 ∧ · · · ∧Xl define
the contraction of φ by X1 ∧ · · · ∧Xl
(X1 ∧ · · · ∧Xl)yφ = Xly · · ·yX1yφ (21)
where y denotes the standard contraction of a differential form by a vector field; if
f ∈ Ω0(TM), then contraction reduces to multiplication
fyφ = fφ, (22)
and for a q-multivector Q with q > l˜,
Qyφ = 0. (23)
We next consider the Schouten-Nijenhuis bracket on the collection of multivec-
tor fields, a natural extension of the standard Lie bracket on vector fields. The
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construction given here follows that of [44]; see [24, Appendix A] for an equivalent,
up to signs, perspective on this bracket and related operations. For X ∈ Ω1(TM)
and Q ∈ Ωq(TM) define an extension of the standard Lie derivative by
(LXQ) (p) =
d
dt
∣∣∣∣
t=0
(
exp(−tX)∗Qexp(tX)(p)
)
(24)
where p ∈ M and {exp(tX)} denotes the one-parameter subgroup of diffeomor-
phisms generated by X . For a decomposable l-multivector field X1 ∧ · · · ∧Xl then
define
[X1 ∧ · · · ∧Xl, Q] =
l∑
i=1
(−1)i+1X1 ∧ · · · ∧ Xˆi ∧ · · · ∧Xl ∧ [Xi, Q] (25)
where [Xi, Q] = LXiQ. Extend this operation to a general multivector field by lin-
earity, and note that forQi ∈ Ωqi(TM), i = 1, 2, we have [Q1, Q2] ∈ Ωq1+q2−1(TM).
This bracket, called the Schouten-Nijenhuis bracket, satisfies the following proper-
ties
[Q1, Q2] = (−1)
q1q2 [Q2, Q1] (26)
[Q1, Q2 ∧Q3] = [Q1, Q2] ∧Q3 + (−1)
q1q2+q2Q2 ∧ [Q1, Q3] (27)
(−1)q1(q3−1)[Q1, [Q2, Q3]] + (−1)
q2(q1−1)[Q2, [Q3, Q1]]
+ (−1)q3(q2−1)[Q3, [Q1, Q2]] = 0
(28)
for Qi ∈ Ωqi(TM), i = 1, 2, 3. The Schouten-Nijenhuis bracket gives the algebra
of multivector fields Ω(TM) the structure of a Gerstenhaber algebra, cf. [39], [45],
[46].
To describe the relationship between the Schouten-Nijenhuis bracket and the
contraction operation, we use an extension of the standard Lie derivative of a
differential form along a vector field to that along a multivector field. Our sign
conventions follow those given by [41]. For Q ∈ Ωq(TM) and α ∈ Ωl(T ∗M) define
LQα = Qydα− (−1)
qd(Qyα) (29)
This operator satisfies the following properties
dLQα = (−1)
q+1LQdα (30)
LQ1∧Q2α = Q2yLQ1α+ (−1)
q1LQ2Q1yα (31)
[Q1, Q2]yα = (−1)
q1q2+q2LQ1Q2yα−Q2yLQ1α (32)
for all Q ∈ Ωq(TM), Qi ∈ Ωqi(TM), i = 1, 2, α ∈ Ωl(T ∗M).
Finally, there are a number of relations that are straightforward generalizations
to multivector fields of those relations given in [32, Lemma A.0.8] for vector fields
that will be useful in Section 3. Let M be an n-dimensional Riemannian man-
ifold with Riemannian metric g where g is used to also denote the extension of
Riemannian metric to the spaces of j-multivectors and differential j-forms. Let
♭ : Ωj(TM)→ Ωj(T ∗M) be the isomorphism such that
g(Q,Q) = Q♭(Q) = g(Q♭, Q♭) for all Q ∈ ΩjTM), (33)
♯ : Ωj(T ∗M)→ Ωj(TM) the corresponding isomorphism such that
g(α♯, α♯) = α(α♯) = g(α, α) for all α ∈ Ωj(T ∗M) (34)
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and ⋆ the Hodge star isomorphism associated to the Riemannian metric g where,
for α, β ∈ Ωl(T ∗M), ⋆ satisfies
β ∧ ⋆α = g(β, α)VolM = g(α, β)VolM = α ∧ ⋆β (35)
Lemma 2.1. For Q ∈ Ωq(TM) and α ∈ Ωl(T ∗M)
(1) ⋆(Qyα) = (−1)q(l−q)Q♭ ∧ ⋆α
(2) ⋆(Qy ⋆ α) = (−1)q(n−l−q)+l(n−l)Q♭ ∧ α
(3) Qyα = (−1)(l−q)(n−l) ⋆ (Q♭ ∧ ⋆α)
(4) Qy ⋆ α = (−1)lq ⋆ (Q♭ ∧ α)
Proof. For β ∈ Ωl−q(T ∗M),
β ∧ ⋆(Qyα) = g(β,Qyα)VolM
= (Qyα)(β♯)VolM = α(Q ∧ β
♯)VolM
= g(α,Q♭ ∧ β)VolM = (Q
♭ ∧ β) ∧ ⋆α
= (−1)q(l−q)β ∧Q♭ ∧ ⋆α
(36)
from which we get the relation
⋆ (Qyα) = (−1)q(l−q)Q♭ ∧ ⋆α (37)
Recall that ⋆ ⋆ α = (−1)l(n−l)α which, together with Equation 37, implies that
⋆ (Qy ⋆ α) = (−1)q(n−l−q)+l(n−l)Q♭ ∧ α (38)
Taking ⋆ of Equations 37, 38 gives
Qyα = (−1)(l−q)(n−l) ⋆ (Q♭ ∧ ⋆α) (39)
Qy ⋆ α = (−1)lq ⋆ (Q♭ ∧ α) (40)

2.2. Hamiltonian Structures in Multisymplectic Geometry. Our presenta-
tion parallels that of [15]; [25] also covers this material using coordinates on multi-
phase spaces. Let (M,ω) be an n-dimensional multisymplectic manifold of degree
k + 1. Given a (k − l)-multivector field Q ∈ Ωk−l(TM) with 0 ≤ l ≤ k − 1, we say
that Q is locally Hamiltonian if the (l + 1)-form Qyω is closed; we say that Q is
Hamiltonian if there is an l-form α such that
Qyω = dα (41)
An l-form α is Hamiltonian if there is a (k− l)-multivector field Q satisfying Equa-
tion 41. We denote the collection of locally Hamiltonian (k − l)-multivector fields
by Ωk−llH (TM), the collection of Hamiltonian (k− l)-multivector fields by Ω
k−l
H (TM)
and the collection of Hamiltonian l-forms by ΩlH(T
∗M). A number of properties
are immediately evident from these definitions. d2 = 0 gives
Ωk−lH (TM) ⊆ Ω
k−l
lH (TM) (42)
for each l, and if H l+1dR (M) = {0}, that is, if the (l+1)-de Rham cohomology space
of M is trivial, then Ωk−lH (TM) = Ω
k−l
lH (TM). Linearity of the exterior derivative
d and the interior product y gives that Ωk−llH (TM), Ω
k−l
H (TM) and Ω
l
H(T
∗M) are
vector spaces over R, but in contrast to Ωk−l(TM) and Ωl(T ∗M), we cannot view
any of Ωk−llH (TM), Ω
k−l
H (TM), Ω
l
H(T
∗M), in general, as modules over the commu-
tative ring C∞(M) of real-valued functions on M ; moreover, while we can consider
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the associated graded vector spaces ΩlH(TM), ΩH(TM), ΩH(T
∗M), these spaces
are not in general closed under the wedge product ∧, so they cannot be considered
as subalgebras of multivector fields/differential forms.
Notice that, given Q ∈ Ωk−lH (TM), the associated Hamiltonian l-form αQ ∈
ΩlH(T
∗M) is only defined up to the addition of a closed l-form. Let Z l(M) denote
the space of closed l-forms which are a subspace of ΩlH(T
∗M) and consider the
quotient space Ω˜lH(T
∗M) given by
Ω˜lH(T
∗M) = ΩlH(T
∗M)/Z l(M) (43)
Thus, given Q ∈ Ωk−lH (TM), there exists a unique α˜ ∈ Ω˜
l
H(T
∗M) such that
Qyω = dα˜. Conversely, given α ∈ ΩlH(T
∗M), the associated Hamiltonian (k − l)-
multivector field Qα ∈ Ωk−l(TM) is only defined up to a (k − l)-multivector field
whose contraction with ω is zero. Such (k−1)-multivector fields form a subspace of
Ωk−lH (TM), so we can consider the quotient space Ω˜
k−l
H (TM). These considerations
yield the isomorphism of vector spaces
Ω˜lH(T
∗M) ∼= Ω˜k−lH (TM) for all 0 ≤ l ≤ k − 1 (44)
In the specific case of l = k − 1, injectivity of ω̂1 implies that the Hamiltonian 1-
multivector field, i. e., Hamiltonian vector field, associated to a given Hamiltonian
(k − 1)-form is uniquely determined by that form, that is,
Ω˜k−1H (T
∗M) ∼= Ω˜1H(TM) ∼= Ω
1
H(TM) (45)
and in the case of l = 0, surjectivity of ω̂k implies that
Ω0H(T
∗M) = C∞(M) (46)
and hence that
Ω˜0H(T
∗M) = C∞(M)/{f :M → R|f is locally constant}. (47)
Remark. The injectivity of ω̂1 implies that there exists an injective map
Ω1lH(TM) →֒ Z
k(M) (48)
and the surjectivity of ω̂k implies that
Ω˜klH(TM)
∼= Z1(M) (49)
where Ω˜klH(TM) denotes the quotient space of Ω
k
lH(TM) by the subspace of all
elements of Ωk(TM) whose contraction with ω is zero.
Next, let Qi ∈ Ω
qi
lH(TM) for i = 1, 2. Then
[Q1, Q2]yω = (−1)
q1q2+q2LQ1(Q2yω)−Q2y(LQ1ω︸ ︷︷ ︸
=0
)
= (−1)q1q2+q2LQ1(Q2yω)
= (−1)q1q2+q2(Q1y d(Q2yω)︸ ︷︷ ︸
=0
−(−1)q1d(Q1yQ2yω))
= (−1)q1q2+q2+q1+1d(Q2 ∧Q1yω)
= (−1)q1+q2+1d(Q1 ∧Q2yω)
(50)
shows [Q1, Q2] ∈ Ω
q1+q2−1
H (TM). If the contraction of ω by either Q1 or Q2
is zero, then [Q1, Q2]yω = 0 showing that [·, ·] is well-defined on the quotient
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spaces Ω˜k−lH (TM). Also, with q1 = q2 = 1, this shows (Ω
1
H(TM), [·, ·]) and
(Ω1lH(TM), [·, ·]) are Lie subalgebras of the Lie algebra of vector fields (Ω
1(TM), [·, ·]).
Let αi ∈ Ω
k−qi
H (T
∗M) with associated Hamiltonian qi-multivector fields Qi for
i = 1, 2. Define a bracket operation on ΩH(T
∗M) by
{α1, α2} = (−1)
q1+q2+1(Q1 ∧Q2)yω (51)
with {α1, α2} = 0 if q1 + q2 > k + 1. This definition is independent of the choices
of associated Hamiltonian multivector field and satisfies
{α2, α1} = (−1)
q2+q1+1(Q2 ∧Q1)yω
= (−1)q1q2(−1)q1+q2+1(Q1 ∧Q2)yω = (−1)
q1q2{α1, α2}
(52)
Further, {α1, α2} is a Hamiltonian (k + 1− q1 − q2)-form because
d{α1, α2} = (−1)
q1+q2+1d(Q1 ∧Q2yω) = [Q1, Q2]yω (53)
This bracket is well-defined on the quotient spaces Ω˜lH(T ∗M) because if, for ex-
ample, we assume that dα1 = 0, then by Equations 41, 51,
{α1, α2} = (−1)
q1+q2+1(Q1 ∧Q2yω)
= (−1)q1+q2+1(Q2yQ1yω)
= (−1)q1+q2+1(Q2ydα1) = 0
(54)
A similar argument can also be applied in the case that the second entry is closed
to get the claim; then define
{α˜1, α˜2} = ˜{α1, α2} (55)
Note that the above means that we need to take the Lie degree of α ∈ Ωk−qH (T
∗M)
to be q, that is, the degree of α ∈ Ωk−qH (T
∗M) as an element of the graded Lie
algebra of Hamiltonian forms is defined as k minus the tensor degree of α; the Lie
degree of {α1, α2} is then k−(k+1−q1−q2) = q1+q2−1. We last consider the Jacobi
identity for this bracket, so let αi ∈ Ω
k−qi
H (T
∗M) with associated Hamiltonian qi-
multivector fields Qi = Qαi ∈ Ω
qi
H(TM) for i = 1, 2, 3.
(−1)q1(q3−1){α1, {α2, α3}}
=(−1)q1(q3−1)(−1)q1+q2+q3(Q1 ∧ [Q2, Q3])yω
=(−1)q1(q3−1)(−1)q1+q2+q3(−1)q1(q2+q3−1)(−1)q2q3([Q3, Q2] ∧Q1)yω
=(−1)q1+q2+q3+q1q2+q2q3Q1y[Q3, Q2]yω
=(−1)q1+q2+q3+q1q2+q2q3(−1)q3+q2+1Q1yd((Q3 ∧Q2)yω)
=(−1)q1+q1q2+q2q3+1Q1yd(Q2yQ3yω)
=(−1)q1+q1q2+q2q3+1Q1yd(Q2ydα3)
(56)
Similarly,
(−1)q2(q1−1){α2, {α3, α1}} = (−1)
q2+q2q3+1Q2yd(Q1ydα3) (57)
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Finally, with the use of Equations 29, 32
(−1)q3(q2−1){α3, {α1, α2}}
=(−1)q3(q2−1)(−1)q3+q1+q2(Q3 ∧ [Q1, Q2])yω
=(−1)q3q2+q1+q2 [Q1, Q2]yQ3yω
=(−1)q3q2+q1+q2 [Q1, Q2]ydα3
=(−1)q3q2+q1+q2((−1)q1q2+q2LQ1(Q2ydα3)−Q2yLQ1dα3)
=(−1)q3q2+q1+q1q2LQ1(Q2ydα3)− (−1)
q3q2+q1+q2Q2yLQ1dα3)
=(−1)q3q2+q1+q1q2(Q1yd(Q2ydα3)− (−1)
q1d(Q1yd(Q2ydα3)))
− (−1)q3q2+q1+q2Q2y(Q1yd(dα3)− (−1)
q1d(Q1ydα3))
=(−1)q3q2+q1+q1q2Q1yd(Q2ydα3)− (−1)
q3q2+q1q2d(Q1yd(Q2ydα3))
+ (−1)q3q2+q2Q2yd(Q1ydα3))
(58)
These equations combine to yield the relation
(−1)q1(q3−1){α1, {α2, α3}}+ (−1)
q2(q1−1){α2, {α3, α1}}
+ (−1)q3(q2−1){α3, {α1, α2}} = (−1)
q3q2+q1q2+1d(Q1yd(Q2ydα3))
(59)
which is zero in the quotient space Ω˜H(T
∗M). This bracket and grading thus give
the quotient space Ω˜H(T
∗M) the structure of a graded Lie algebra which can be
identified with the graded Lie algebra of the quotient space Ω˜H(TM) together with
the Schouten-Nijenhuis bracket.
Remark. This bracket is a generalization of the semibracket defined in [6] for the
specific case of q1 = q2 = 1, and the proof of the previous result for that case, of
which our proof is a straightforward generalization, can be found in [6, Proposition
3.7].
Proposition 2.2. Let (M,ω) be a multisymplectic manifold of order (k+1), and let
αi ∈ Ω
k−qi
H (T
∗M) with associated Hamiltonian multivector fields Qi ∈ Ω
qi
H(TM),
i = 1, 2 such that q1 + q2 = k + 1. Then {α1, α2} = 0 if and only if LQ2α1 = 0 (if
and only if LQ1α2 = 0).
Proof. Note that q1 + q2 = k + 1 implies q2 = k + 1 − q1 > k − q1; in particular,
this means that Q2yα = 0 which, together with Equation 29 gives
{α1, α2} = (−1)
q1+q2+1Q1 ∧Q2yω = (−1)
q1+q2+1Q2yQ1yω
= (−1)q1+q2+1Q2ydα1 = (−1)
q1+q2+1LQ2α1
(60)

We remark that in the case q1 + q2 < k + 1, then the above calculation yields
{al1, α2} = (−1)
q1+q2+1LQ2α1 + (−1)
q1+qd(Q2ydα1) (61)
showing only that ˜{α1, α2} ∈ Ω˜
k+1−q1−q2
H (T
∗M) is zero if and only if L˜Q2α1 ∈
Ω˜k+1−q1−q2H (T
∗M) is zero.
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3. (Co)Rochesterian Multivector Fields and (Co)Rochesterian
Differential Forms on G2-Manifolds
Definition 3.1. Let (M,ϕ) be a manifold with closed G2-structure.
(1) An l-multivector field Q is called a G2 l-multivector field, l = 1, 2, if the
(3− l)-form Qyϕ is closed; ΩlG2(TM) will denote the set of G2 l-multivector
fields on M .
(2) An l-multivector field Q is called a Rochesterian l-multivector field, l = 1, 2,
if there is a (2 − l)-form α satisfying Qyϕ = dα; ΩlR(TM) will denote the
set of Rochesterian l-multivector fields on M .
(3) A differential l-form α is called a Rochesterian l-form, l = 0, 1, if there is a
(2− l)-multivector field Q satisfying dα = Qyϕ; ΩlR(T
∗M) will denote the
set of Rochesterian l-forms on M .
Corresponding to the multisymplectic 7-manifold (M,ϕ) of degree 3 there are
the spaces
ΩG2(TM) = Ω
1
G2(TM)⊕ Ω
2
G2(TM) (62)
ΩR(TM) = Ω
1
R(TM)⊕ Ω
2
R(TM) (63)
ΩR(T
∗M) = Ω0R(T
∗M)⊕ Ω1R(T
∗M) (64)
together with the quotient spaces as in Section 2.2; moreover, there are the linear
maps as in Equation 5
ϕ̂1 : Ω
1(TM)→ Ω2(T ∗M) (65)
ϕ̂2 : Ω
2(TM)→ Ω1(T ∗M) (66)
with ϕ̂1 injective and ϕ̂2 surjective.
Definition 3.2. Let (M,ϕ) be a manifold with coclosed G2-structure.
(1) An l-multivector field Q is called a coG2 l-multivector field, l = 1, 2, 3, if
the (4 − l)-form Qy ⋆ ϕ is closed; ΩlcG2(TM) will denote the set of coG2
l-multivector fields on M .
(2) An l-multivector field Q is called a coRochesterian l-multivector field, l =
1, 2, 3, if there is a (3 − l)-form α satisfying Qy ⋆ ϕ = dα; ΩlcR(TM) will
denote the set of coRochesterian l-multivector fields on M .
(3) A differential l-form α is called a coRochesterian l-form, l = 0, 1, 2, if there
is a (3 − l)-vector field Q satisfying dα = Qyϕ; ΩlR(T
∗M) will denote the
set of Rochesterian l-forms on M .
Corresponding to the multisymplectic 7-manifold (M, ⋆ϕ) of degree 4 there are
the spaces
ΩcG2(TM) = Ω
1
cG2(TM)⊕ Ω
2
cG2(TM)⊕ Ω
3
G2(TM) (67)
ΩcR(TM) = Ω
1
cR(TM)⊕ Ω
2
cR(TM)⊕ Ω
3
cR(TM) (68)
ΩcR(T
∗M) = Ω0cR(T
∗M)⊕ Ω1cR(T
∗M)⊕ Ω2cR(T
∗M) (69)
together with the quotient spaces as in Section 2.2; moreover, there are the linear
maps as in Equation 5
⋆̂ϕ1 : Ω
1(TM)→ Ω3(T ∗M) (70)
⋆̂ϕ2 : Ω
2(TM)→ Ω2(T ∗M) (71)
⋆̂ϕ3 : Ω
3(TM)→ Ω1(T ∗M) (72)
with ϕ̂1 injective and ϕ̂3 surjective.
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Lemma 3.3. ⋆̂ϕ2 : Ω
2(TM)→ Ω2(T ∗M) is an isomorphism.
Proof. Recall that the action of G2 on R
7 induces an action of G2 on spaces of
differential forms on a manifold with G2-structure, so we can decompose each space
of k-forms into irreducible G2-representations. References for this material include
[22], [30] and [43]. In particular, as in [32], it is the case that
Ω2(T ∗M) = Ω27(T
∗M)⊕ Ω214(T
∗M) (73)
where Ω2l denote the l-dimensional irreducible G2-representation in Ω
2 and
Ω27 = {β ∈ Ω
2 : ⋆(ϕ ∧ β) = 2β} (74)
Ω214 = {β ∈ Ω
2 : ⋆(ϕ ∧ β) = −β} (75)
These descriptions then yield the following relations for β ∈ Ω2(T ∗M)
⋆ (ϕ ∧ β) = 2π7(β) − π14(β) (76)
π7(β) =
β + ⋆(ϕ ∧ β)
3
(77)
π14(β) =
2β − ⋆(ϕ ∧ β)
3
(78)
with
π7 : Ω
2(T ∗M)→ Ω27(T
∗M) (79)
π14 : Ω
2(T ∗M)→ Ω214(T
∗M) (80)
the natural projection maps.
If ⋆̂ϕ2(Q) = Qy ⋆ ϕ = 0, then ⋆(ϕ ∧Q
♭) = 0 by Equation 40; this, together with
Equations 76, 77, 78, implies that
2π7(Q
♭) = π14(Q
♭) =
2
3
Q♭ (81)
showing that Q♭ ∈ Ω27 ∩ Ω
2
14 = {0}. Thus Q = 0, and hence ⋆̂ϕ2 is injective. Now,
let β ∈ Ω2(T ∗M), so we can write β = β7 + β14 by Equation 73 where β7 = π7(β)
and β14 = π14(β). Using Equations 74, 75, 40 and the map ♯ of Equation 34
β7 =
1
2
⋆ (ϕ ∧ β7) =
1
2
⋆ (β7 ∧ ϕ) =
1
2
β♯7y ⋆ ϕ (82)
β14 = − ⋆ (ϕ ∧ β14) = − ⋆ (β14 ∧ ϕ) = −β
♯
14y ⋆ ϕ (83)
from which it follows that
β = β7 + β14 = (
1
2
β♯7 − β
♯
14)y ⋆ ϕ (84)
Thus ⋆̂ϕ2 is surjective and hence bijective. 
Corollary 3.4.
Ω˜2cR(TM) = Ω
2
cR(TM) (85)
Ω1cR(T
∗M) = Ω1(T ∗M) (86)
Ω2cG2(TM)
∼= Z2(M) (87)
Corollary 3.5.
Ω1R(T
∗M) ⊂ Ω1cR(T
∗M). (88)
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The reverse inclusion does not hold in general. For example, consider (R7, ϕ0)
where ϕ0 is the 3-form defined in Equation 1, let Q be the 2-multivector field given
by Q = ∂
∂x6
∧ ∂
∂x6
and let α be the 1-form defined by α = x4dx5 + x2dx3. Then α
is coRochesterian since
Qy ⋆ ϕ0 = dx
45 + dx23 = dα (89)
where ⋆ϕ0 is the 4-form defined in Equation 3; however, α is not Rochesterian since
for a general vector field X =
∑7
i=1Xi
∂
∂xi
,
Xyϕ0 = X1(dx
23 + dx45 + dx67) +X2(−dx
13 + dx46 − dx57)
+X3(dx
12 − dx47 − dx56) +X4(−dx
15 − dx26 + dx37)
+X5(dx
14 + dx27 + dx36) +X6(−dx
17 + dx24 − dx35)
+X7(dx
16 − dx25 − dx34)
(90)
which can never be equal to dx45+dx23. This example also emphasizes the fact that
the space of Rochesterian multivector fields is not in general closed under the wedge
product since on (R7, ϕ0), straightforward calculations show that every coordinate
vector field is a Rochesterian vector field. From [18], if X is a 3-dimensional mani-
fold, then (T ∗X × R, ϕ = ReΩ + ω ∧ dt) is a 7-manifold with closed G2-structure
where Ω is a certain complex 3-form and ω is the tautological 2-form on T ∗X . Then
the vector field ∂
∂t
is Rochesterian with an associated Rochesterian 1-form given by
the tautological 1-form α on T ∗X ; however, because ϕ̂1 is not surjective, the ex-
istence of nonzero Rochesterian vector fields, and hence Rochesterian 1-forms, on
manifolds with a closed G2-structure is not guaranteed as is seen as a consequence
of the following theorem (see [2, Theorem 2.4] for the original form of the statement
and proof of this theorem).
Lemma 3.6. Let M be a closed manifold, and let ϕ be a closed G2-structure on
M . Then Xyϕ is exact if and only if X is the zero vector field.
Proof. If X is the zero vector field, then Xyϕ = 0 at every point; in this case, we
can take Xyϕ = df where f : M → R is the constant function f(p) = 0 for all
p ∈ M . Conversely, assume that X is an arbitrary vector field such that Xyϕ is
exact. Then there exists some 1-form α such that Xyϕ = dα. Using the G2-metric
defined by ϕ, we have that
6〈X,X〉Volϕ = (Xyϕ) ∧ (Xyϕ) ∧ ϕ
= dα ∧ dα ∧ ϕ = d(α ∧ dα ∧ ϕ)
(91)
From here, we find that, since ∂M = ∅, an application of Stokes’ Theorem yields
0 ≤ 6||X ||2L2Vol(M) =
∫
M
6〈X,X〉Volϕ
=
∫
M
d(α ∧ dα ∧ ϕ) =
∫
∂M
α ∧ dα ∧ ϕ = 0
(92)
Since Vol(M) 6= 0, we must have that ||X ||L2 = 0 proving that X = 0 as desired. 
Corollary 1.2 now follows immediately.
Remark. As pointed out by an anonymous referee, there is another instance of
nonexistence, this time, for G2 vector fields. Specifically, in the case of a compact
torsion-free G2-structure, i. e., a G2-manifold, G2 vector fields, being by definition
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Killing vector fields, will be parallel since G2-manifolds are Ricci flat. In the case of
a nontrivial G2 vector field, there would necessarily be a reduction in the holonomy
to a proper subgroup of G2. Thus there are no nontrivial G2 vector fields on a
compact G2-manifold with full G2-holonomy.
Remark. The bracket constructed on Hamiltonian differential forms in Section 2.2
reduces to the usual Poisson bracket on functions in the case of a multisymplectic
manifold of degree 2, that is, a symplectic manifold, and it is a fundamental fact
that diffeomorphisms which preserve the symplectic structure can be identified
with the diffeomorphisms which preserve this Poisson bracket; however, no such
characterization is available for diffeomorphisms which preserve the multisymplectic
structure of a general multisymplectic manifold as can be seen using Corollary
1.2. Let (M,ϕ) be a closed manifold with closed G2-structure, then the bracket
operation operates either on a pair of Rochesterian 1-forms, on a Rochesterian
1-form and Rochesterian function or on a pair of Rochesterian functions; since
the bracket on Rochesterian functions is necessarily zero and there are no nonzero
Rochesterian 1-forms, any smooth map Φ : M → M then trivially preserves this
bracket.
By the considerations in Section 2.2, there are the following identifications
Ω˜1R(TM) = Ω
1
R(TM)
∼= Ω˜1R(T
∗M) (93)
Ω˜2R(TM)
∼= Ω˜0R(T
∗M) ∼= C∞(M)/{f :M → R|f is locally constant} (94)
Ω˜1cR(TM) = Ω
1
cR(TM)
∼= Ω˜2cR(T
∗M) (95)
Ω˜2cR(TM)
∼= Ω˜1cR(T
∗M) (96)
Ω˜3cR(TM)
∼= Ω˜0cR(T
∗M) ∼= C∞(M)/{f :M → R|f is locally constant} (97)
Equations 94, 97 immediately give the correspondence
Ω˜2R(TM)
∼= Ω˜3cR(TM) ∼= C
∞(M)/{f :M → R|f is locally constant} (98)
Equations 93, 96 and 88 give an injective map
Ω1R(TM) →֒ Ω
2
cR(TM) (99)
Explicitly, if X ∈ Ω1R(TM), then by definition there exists a unique α ∈ Ω˜
1
R(T
∗M)
such that
Xyϕ = dα (100)
and, since ⋆̂ϕ2 is an isomorphism, there exists a unique U ∈ Ω
2(TM) such that
Uy ⋆ ϕ = dα. (101)
This completes the identifications of Theorem 1.1. We remark that there is also
the description of Ω˜1R(T
∗M) as
Ω˜1R(T
∗M) = {α ∈ Ω1(T ∗M) : dα ∈ Ω27(T
∗M)}/Z1(M) (102)
For our final consideration, we will need the following lemma which is a slight
generalization of [32, Lemma 2.4.6] to general 2-multivector fields, and the proof
given here a direct adaptation of that proof.
Lemma 3.7. For Q ∈ Ω2(TM),
(Qy ⋆ ϕ) ∧ (Qyϕ) ∧ ⋆ϕ = 2|Qyϕ|2ϕVolϕ (103)
where | · |ϕ is the norm induced by the G2-metric gϕ.
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Proof. By Equations 40, 76
Qy ⋆ ϕ = ⋆(Q♭ ∧ ϕ) = 2β7 − β14 (104)
where βi = πi(Q
♭) and πi is the projection πi : Ω
2(T ∗M) → Ω27(T
∗M). Writing
Q = β7 + β14 and using Equations 39, 74, 75,
(Qyϕ) ∧ ⋆ϕ = ⋆(Q♭ ∧ ⋆ϕ) ∧ ⋆ϕ = ⋆((β7 + β14) ∧ ⋆ϕ) ∧ ⋆ϕ
= ⋆(β7 ∧ ⋆ϕ) ∧ ⋆ϕ+ ⋆(β14 ∧ ⋆ϕ) ∧ ⋆ϕ = ⋆ϕ ∧ ⋆(⋆ϕ ∧ β7)
= 3 ⋆ β7
(105)
which implies
|(Qyϕ) ∧ ⋆ϕ|2ϕ = 9|β7|
2 (106)
By [32, Equation (2.8)],
|(Qyϕ) ∧ ⋆ϕ|2ϕ = 3|Qyϕ|
2
ϕ (107)
which together yield that
|β7|
2
ϕ =
|Qyϕ|2
3
(108)
Putting the pieces together yields
(Qy ⋆ ϕ) ∧ (Qyϕ) ∧ ⋆ϕ = (2β7 − β14) ∧ (3 ⋆ β7)
= 6β7 ∧ ⋆β7 + 3β14 ∧ ⋆β7 = 6|β7|
2
ϕVolϕ + 3gϕ(β14, β7)Volϕ
= 6|β7|
2
ϕVolϕ = 2|Qyϕ|
2
ϕVolϕ
(109)

Proof of Proposition 1.3. Let Q ∈ Ω2R(TM) ∩ Ω
2
cR(TM). Then there exist f ∈
Ω0R(T
∗M) and α ∈ Ω1cR(T
∗M) such that
Qyϕ = df (110)
and
Qy ⋆ ϕ = dα (111)
Together with Lemma 3.7, this implies that
2|Qyϕ|2ϕVolϕ = (Qy ⋆ ϕ) ∧ (Qyϕ) ∧ ⋆ϕ = dα ∧ df ∧ ⋆ϕ = d(α ∧ df ∧ ⋆ϕ) (112)
Using Stokes’ Theorem, we find that
0 ≤2||Qyϕ||L2Vol(M) =
∫
M
2|Qyϕ|2ϕVolϕ
=
∫
M
d(α ∧ df ∧ ⋆ϕ) =
∫
∂M
α ∧ df ∧ ⋆ϕ = 0
(113)
Given that Vol(M) > 0, this implies that Qyϕ = 0. 
Remark. This is not necessarily the case for a general G2-manifold. Again, con-
sider (R7, ϕ0) with Q =
∂
∂x6 ∧
∂
∂x7 . Then Q ∈ Ω
2
R(TR
7) ∩Ω2cR(TR
7) because
Qyϕ0 = dx
1 (114)
and
Qy ⋆ ϕ0 = d(x
4dx5 + x2dx3) (115)
which also implies that Q is nonzero in the quotient.
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